Abstract. We establish quantitative estimates for the limit q-Bernstein operator introduced in [3] , via the second order Ditzian-Totik modulus of smoothness.
Introduction
The q-Bernstein operators were introduced by Phillips in [8] and they generalize the well-known Bernstein operators. A survey of the obtained results and references concerning q-Bernstein operators can be found in [6] . It is worth mentioning that the first generalization of the Bernstein operators based on q-integers was obtained by Lupaş [4] .
Let q > 0. For each nonnegative integer k, the q-integers For integers 0 ≤ k ≤ n, the q-binomial coefficients are defined by
The q-Bernstein operators B n,q :
where n = 1, 2, . . . , 0 < q ≤ 1, x ∈ [0, 1] and
for k = 0, 1, . . . , n (an empty product is taken to be equal 1). For q = 1 we recover the Bernstein operators. In [8] , it is proved the uniform convergence of B n,qn f to f on [0, 1], as n → ∞, when q = q n ∈ (0, 1) and q n → 1 as n → ∞. Let q ∈ (0, 1) and f ∈ C[0, 1] be given. Il'inskii and Ostrovska proved in [3] that the sequence {B n,q (f, x)} converges to B ∞,q (f, x) as n → ∞, uniformly for x ∈ [0, 1], where the limit q-Bernstein operator B ∞,q :
The approximation of continuous functions f by B ∞,q f as q 1, has been investigated by Videnskii in [9] . We cite the following result of Videnskii. If
where ω(f, δ) = sup{|f(x) − f(y)| : x, y ∈ [0, 1], |x − y| ≤ δ} is the usual modulus of continuity of f. For the second modulus of smoothness of f, defined by
Wang obtained the following estimate (see [10] and [11] ):
where
Here we mention that C > 0 is a constant independent of n, x and q, which can be different at each occurrence.
The goal of the paper is to establish quantitative results for the rate of convergence of (2), obtaining similar estimates to (3) and (4). In our estimates we shall use the second order Ditzian-Totik modulus of smoothness of f, defined by
(for details see [1] ). Further, we consider the following K-functional:
where · denotes the uniform norm on
Main results
Theorem 1 There exists C > 0 such that
for all f ∈ C[0, 1] and q ∈ (0, 1). Consequently, B ∞,q f converges uniformly to f on [0, 1] as q 1.
Z. Finta
Proof. By [9, (7.7)-(7.8)], we have B ∞,q (1, x) = 1 and B ∞,q (t, x) = x. For g ∈ W 2 (ϕ), by Taylor's formula:
we get
Using the inequality
(see [1, Lemma 9.6.1]) and B ∞,q ((t − x) 2 , x) = (1 − q)ϕ 2 (x) (see [9, (7. 12)]), we find
On the other hand, by (2) and B ∞,q (1,
for all f ∈ C[0, 1]. Now, in view of (7) and (8), we get
Taking the infimum on the right-hand side over all g ∈ W 2 (ϕ) and using (5), we get the assertion of our theorem.
Remark 1
The main result of [2] provides an estimate for positive linear operators that preserve linear functions. The result was improved in [7, (2. 138)], which implies for the limit q-Bernstein operator that
Theorem 2 Let q ∈ (0, 1) be given. Then there exists C > 0 such that
for all f ∈ C[0, 1] and n = 1, 2, . . ..
Proof.
Let g ∈ W 2 (ϕ) and x ∈ [0, 1]. Then, by [5, (3. 2)], we have
By Taylor's formula, we find
respectively. Hence, by (10),
In view of (6) and (11), we have
Hence, by (9) and B n+1,q (1, x) = 1 (see [9, (2.5)]), we find
for n, p = 1, 2, . . . In conclusion {B n,q g} is a Cauchy-sequence in C[0, 1], so {B n,q g} converges to B ∞,q g as n → ∞ (see also [3] ). Now let p → ∞ in (12).
Then we obtain B n,q g − B ∞,q g ≤ q n q(1 − q) ϕ 2 g .
Further, by (1) and B n,q (1, x) = 1 (see [9, (2.5) ]), we obtain |B n,q (f, x)| ≤ f B n,q (1, x) = f , i.e.
B n,q f ≤ f
for all f ∈ C[0, 1]. Then (14), (8) and (13) imply that B n,q f − B ∞,q f ≤ B n,q f − B n,q g + B n,q g − B ∞,q g + B ∞,q g − B ∞,q f
